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Abstract
Examples of non-hermitian quantum systems admitting topological
insulator phase are presented in one, two and three space dimensions.
All of these non-hermitian Hamiltonians have entirely real bulk eigen-
values and unitarity is maintained with the introduction of appropriate
inner-products in the corresponding Hilbert spaces. The topological in-
variant characterizing a particular phase is shown to be identical for a
non-hermitian Hamiltonian and its hermitian counterpart, to which it is
related through a non-unitary similarity transformation. A classification
scheme for topological insulator phases in pseudo-hermitian quantum sys-
tems is suggested.
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1 Introduction
Topological ideas have resurfaced very often in analyzing physical problems,
the recently discovered topological insulator[1, 2, 3, 4, 5, 6, 7] being one such
example. The main characteristic of a topological insulator is the appearance of
boundary zero mode within the bulk gap, the stability of which is guaranteed
due to the existence of some associated topological invariant. The classification
of topological insulators are based on the underlying discrete symmetries of
the Hamiltonian admitting such phases, like parity(P), time-reversal(T ) and
particle-hole symmetry [6, 7]. Perturbations and/or deformations preserving
these symmetries can not destabilize a phase characterized by a topological
invariant, which is usually an integer or a Z2 quantity, as long as the bulk gap
remains open. Decay of a particular phase within a given topological sector due
to the time-evolution of the states is also ruled out completely for hermitian
quantum systems.
The hermiticity of an operator crucially depends on the metric of the Hilbert
space on which it is defined. In the standard treatment of quantum mechanics,
the metric is always taken to be an identity operator. An emergent view[8, 9, 10,
11, 12, 13] in the context of the PT symmetric and/or pseudo-hermitian quan-
tum systems is that a consistent non-dissipative description of non-hermitian
quantum systems is admissible with a modified inner-product in the Hilbert
space. A few examples of non-dissipative non-hermitian quantum systems with
a complete and consistent description include asymmetric XXZ spin-chain, non-
hermitian transverse Ising model, non-hermitian Dicke model, non-hermitian
quadratic form of bosonic(fermionic) operators and non-hermitian many-particle
rational Calogero model[13, 14]. Relativistic[11] and supersymmetric[12] non-
hermitian quantum systems have also been investigated within the same context.
A proposal for optical realization of non-hermitian relativistic quantum system
is described in Ref. [15]. Experimental results related to PT symmetric optical
systems are also available[16].
The purpose of this note is to present a general discussion on the construc-
tion of non-hermitian Dirac Hamiltonians admitting topological insulator phase,
followed by a few explicit examples in one, two and three space dimensions. The
method prescribed by the present Author, in Refs. [11, 12, 13] and particularly
in Ref. [11], is used to construct these models by suitable pseudo-hermitian
deformations of known hermitian Hamiltonians admitting topological insulator
phase. All the model Hamiltonians presented in this note have entirely real bulk
eigen values and unitary time evolution. The topological invariant characteriz-
ing a particular topological insulator phase is identical for the non-hermitian and
the corresponding hermitian Hamiltonian from which it is obtained by pseudo-
hermitian deformation. The decay of a phase within a given topological sector
is also ruled out, since the time-evolution is unitary by construction.
A few attempts have been made in the recent past[17, 18] to construct model
non-hermitian Hamiltonians admitting topological insulator phase. The finding
of Ref. [17] is that topological insulator phase is absent in non-hermitian PT
symmetric Hamiltonians. It is worth recalling in this context that reality of
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the entire spectra as well as the unitarity of a non-hermitian Hamiltonian can
generally be understood in terms of an unbroken anti-linear symmetry, which
is not necessarily the standard PT symmetry[9, 11, 12, 13, 14]. The anti-
linear symmetry may be identified as the standard PT symmetry for some
specific quantum systems. The topological insulator phase in non-hermitian
Dirac Hamiltonian having an anti-linear symmetry is described in this note.
The second reference[18] contains examples of non-hermitian Hamiltonians ad-
mitting topological insulator phase in which the bulk eigen values of the models
are in general complex. Consequently, the time-evolution is not unitary and
the states describing the topological insulator phase is expected to decay within
a given topological sector. The examples presented in this note are free from
these shortcomings; the entire bulk eigen values are real and the time-evolution
is unitary.
The plan of presenting the results is the following. A brief review of pseudo-
hermitian quantum systems as applied to Dirac Hamiltonians is presented at the
beginning of the next section. Results regarding the allowed forms of topolog-
ical invariants for pseudo-hermitian quantum systems are also included in this
section. Examples of non-hermitian Dirac Hamiltonians admitting topological
insulator phase in one, two and three space dimensions are presented in sections
3.1, 3.2 and 3.3, respectively. Finally, the note ends with a summary of the
results obtained and relevant discussions in section 4. Suggestions on a pos-
sible classification scheme of topological insulators in non-hermitian quantum
systems are included.
2 Pseudo-hermiticity & topological invariants
The continuum description of topological insulators are given in terms of free
particle Dirac Hamiltonians with translational invariance in D + 1 space-time
dimensions. The main objective of this note is to present Dirac Hamiltoni-
ans H , admitting topological insulator phase, which are non-hermitian in the
Hilbert space HD that is endowed with the standard inner-product 〈·|·〉. Any
operator that is related to its adjoint in HD through a non-unitary similarity
transformation is known as pseudo-hermitian operator[9], i.e,
H† = η H η−1. (1)
A positive-definite similarity operator η := η+, if it exists, can be identified as
a metric operator. A Hilbert space that is endowed with the metric η+ and the
inner-product 〈〈·|·〉〉η+ := 〈·|η+·〉 is denoted as Hη+ . The Hilbert spaces HD
and Hη+ are identical in the limit η+ being an identity operator.
In general, hermitian operators in Hη+ are non-hermitian in HD and the vice
verse. A hermitian Hamiltonian H in Hη+ is related to a hermitian Hamiltonian
h in HD through a non-unitary similarity transformation[9, 10],
h = ρ H ρ−1, ρ :=
√
η+. (2)
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An operator Oη+ in Hη+ may be introduced corresponding to each operator OD
in HD as OD = ρOη+ρ−1 so that 〈OD〉 = 〈〈Oη+〉〉η+ . This relation allows to
find the symmetry generators of H from that of h or the vice verse and defines
physical observables in Hη+ . Both the operators OD and Oη+ are hermitian in
HD as well as in Hη+ for the special case for which these operators commute
with the similarity operator ρ.
A comment is in order on the nature of the mapping described by Eq. (2).
The non-hermitian Hamiltonian H may be mapped to a hermitian Hamiltonian
h˜ = ρ˜Hρ˜−1 in HD that is different from h. Although the existence of such a
similarity operator ρ˜ indicates non-uniqueness of the mapping (2), the hermi-
tian Hamiltonians thus obtained are known[9] to be unitary equivalent to each
other, i.e. h˜ = U−1hU, U := ρρ˜−1. The unitary nature of U follows[9] from
the identities ρ−1η+ρ
−1 = 1 = ρ˜−1η+ρ˜
−1. Without loss of any generality, the
symmetry generators of H can thus be obtained by using the inverse-similarity
transformation of the corresponding generators of either h or h˜. For exam-
ple, a symmetry generator TD of h is related to the corresponding generator
T˜D of h˜ though the unitary transformation: T˜D = U
−1TDU . Consequently,
the symmetry generators Tη+ := ρ
−1TDρ and T˜η+ := ρ
−1T˜Dρ of H are re-
lated to each other through a unitary transformation, Tη+ = U
−1T˜η+U and
〈〈Tη+〉〉η+ = 〈〈T˜η+〉〉η+ = 〈TD〉 = 〈T˜D〉. This implies that the expectation val-
ues of the physical observables and/or associated topological invariants of H
can be computed either from that of either h or h˜. The different choices of the
similarity operator ρ˜ correspond to different quantum canonical transformations
in HD. Thus, without any loss of generality, the discussions below involve the
similarity operator ρ.
The Hamiltonians H and h are isospectral. The Bloch eigen states |φa(p)〉
of H(p) at each p with the eigen values Ea(p) are related to the corresponding
states |ψa(p)〉 of h through the equation,
|φa(p)〉 = ρ−1|ψa(p)〉. (3)
Further, |ψa(p)〉 constitute a complete set of orthonormal states in HD, while
the completeness and orthonormality of states |φa(p)〉 can be shown only in
Hη+ . It is assumed throughout this note that a bulk band gap exists for h that
is centered around some fixed energy(which may be chosen to be zero without
loss of any generality) and the quantum ground state is obtained by filling all
the N states below this level. The isospectrality between h and H allows to
assume identical conditions for H . The Berry connection for the N number of
filled Bloch states for h in the Hilbert space HD is defined as[6, 7],
aaˆbˆi (p)dpi := 〈ψaˆ(p)|dψbˆ(p)〉, aˆ, bˆ = 1, 2, . . .N, i = 1, 2, . . .D. (4)
The Berry connection for the non-hermitian Hamiltonian H is introduced as,
Aaˆbˆi (p)dpi := 〈〈φa(p)|dφb(p)〉〉η+ ,
= aaˆbˆi (p)dpi. (5)
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Apart from an implicit assumption that ρ is independent of the momentum p,
Eq.(3) and the modified inner-product in Hη+ have been used to obtain the
expression in the second line of the above equation. The crucial observation at
this point is that the gauge potentials Aaˆbˆi in Hη+ and aaˆbˆi in HD are identical,
leading to the same Berry curvature. Consequently, the Chern numbers and
Chern-Simons invariants will have identical values in HD as well as in Hη+ . The
readers are referred to Ref. [7] for explicit expressions of different topological
invariants in terms of Berry curvature.
The topological invariants associated with chiral topological insulators are
constructed in terms of the projectors onto the filled Bloch states. In this
context, an idempotent operator ΓD may be introduced in odd space dimensions
that anti-commutes with the Dirac Hamiltonian h of a massive free particle,
Γ2D = 1, {h,ΓD} = 0. (6)
The existence of such an operator implies that corresponding to each eigen state
|ψa(p)〉 of h with the eigen value Ea, |ψ˜a(p)〉 = ΓD|ψa(p)〉 is an eigenstate of
h with the eigenvalue −Ea. The operator that anti-commutes with H for a
given ΓD may be found as Γη+ = ρ
−1ΓDρ. Consequently, Γη+ relates the
eigenstates |φ˜a(p)〉 and |φa(p)〉 of H corresponding to the eigen values −Ea
and Ea, respectively. In particular, |φ˜a(p)〉 = Γη+ |φa(p)〉.
The projector Pη+(p) onto the filled Bloch states of the Hamiltonian H at
fixed p and the associated “Qη+ matrix” is defined as,
Pη+(p) :=
∑
aˆ
|φaˆ(p)〉〈φaˆ(p)|η+,
Qη+(p) := 1− 2Pη+(p), (7)
where aˆ indicates a summation over all the filled Bloch states. The operators
Pη+(p) and Qη+(p) are hermitian in the Hilbert space Hη+ and satisfy the
standard relations:
P 2η+(p) = Pη+(p), Q
2
η+
(p) = 1. (8)
The projector PD(p) onto the filled Bloch states of the Hamiltonian h at fixed
p and the associated “QD matrix” is related to Pη+(p) and Qη+(p) through a
non-unitary similarity transformation,
PD(p) :=
∑
aˆ
|ψaˆ〉〈ψaˆ| = ρ Pη+(p) ρ−1,
QD(p) := 1− 2PD(p) = ρ Qη+(p)ρ−1, (9)
where aˆ indicates a summation over all the filled Bloch states and P 2D(p) =
PD(p), Q
2
D(p) = 1. The topological invariants for class AIII topological in-
sulators in hermitian quantum systems is constructed by using the projector
QD(p)[6, 7] and Eq. (9) implies that topological invariants for H and h are
identical.
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A comment is in order before the end of this section. The existence of
ΓD implies that the pseudo-hermitian H is also pseudo-anti-hermitian[18] with
respect to an operator κ:
H† = −κHκ−1, κ := ρ ΓDρ = η+Γη+ . (10)
The types of the operators ΓD and ρ those will be considered in this note satisfy
the identity,
ρ ΓD ρ = ΓD. (11)
The hermitian Hamiltonian H˜ := H +H† in HD anti-commutes with the op-
erator ΓD, when the validity of Eq. (11) is assumed, implying that H˜ can be
transformed into a block off-diagonal form in a representation in which ΓD is
diagonal. The projector onto the filled Bloch states of the Hamiltonian H˜ can
be used to construct topological invariants corresponding to H provided H is
a normal operator, i.e. [H,H†] = 0, so that H˜ and H are simultaneously di-
agonalizable. The non-hermitian Hamiltonians considered in this note are not
normal operators and hence, this scheme of constructing topological invariants
is not applicable. On the other hand, the projector Q := 1−
[
Pη+(p) + P
†
η+
(p)
]
onto the filled Bloch states of H and H† is not an idempotent operator. Con-
sequently, a block in the block off-diagonal form of Q can not necessarily be
identified as an element of U(N). Thus, the use of Q to construct topological
invariant corresponding to non-hermitian H seems problematic.
3 Examples
A few examples of non-hermitian Hamiltonians admitting topological insula-
tor phase are presented in this section. All the non-hermitian Hamiltonians
considered in this note can be mapped to hermitian Hamiltonians, through
non-unitary similarity transformations, which are known to admit topological
insulator phase. It follows from the discussions in the previous section that the
bulk eigen values and the topological invariants are identical for both the non-
hermitian Hamiltonian and its similarity transformed hermitian version. The
bulk eigen states, zero modes and symmetry generators of the non-hermitian
Hamiltonian can be obtained from the corresponding quantities of the her-
mitian Hamiltonian through the inverse similarity transformation. Thus, in
general, only non-hermitian Hamiltonians and associated non-unitary similarity
transformations are mentioned explicitly in this note to avoid any repetition of
known results. The 1 + 1 dimensional Dirac equation is treated in some detail
in the next section to give a general outline of the technique involved that can
be applied under similar situations.
6
3.1 Dirac Hamiltonian in 1 + 1 dimensions
The first example considered in this note is the 1+1 dimensional non-hermitian
Dirac Hamiltonian,
H(1) = σ2px +m(x) coshφ σ
3 − i m(x) sinhφ σ1, φ ∈ R, (12)
where px is the linear momentum and m(x) is an arbitrary real function of its
argument. The Hamiltonian H(1) was first introduced 1 in Ref. [11] in the
context of non-dissipative non-hermitian relativistic quantum system in HD. It
was shown[11] that H(1) is hermitian in the Hilbert space H
η
(1)
+
that is endowed
with the metric η
(1)
+ ,
η
(1)
+ := e
−φσ2 , ρ(1) := e−
φ
2 σ
2
. (13)
The non-unitary similarity operator ρ(1) maps H(1) to a hermitian Hamiltonian
h(1) in HD[11],
h(1) := ρ(1)H(1)(ρ(1))−1 = σ2px +m(x)σ
3, (14)
implying thatH(1) and h(1) are isospectral. The Hamiltonian h(1) anti-commutes
with σ1. Correspondingly, the Hamiltonian H(1) anti-commutes with the oper-
ator (ρ1)−1σ1ρ(1) = σ1 η
(1)
+ .
The Dirac Hamiltonian h(1) with m(x) = m ∈ R provides an example of a
chiral topological insulator in class AIII[7]. The relation (14) implies that the
non-hermitian Hamiltonian H(1) also admits topological insulator phase. The
bulk spectrum of H(1) contains a mass gap, E± = ±
√
p2x +m
2 ≡ ±λ and the
Bloch wave function corresponding to the negative eigenvalue state reads,
|φ−(px)〉 = (ρ
(1))−1
2
√
p2x +m
2
(
ipx −m+ λ
−(ipx −m) + λ
)
. (15)
The Berry connection A(px) and the associated Chern-Simons invariant CS1
for the state |φ−(px)〉 may be computed as,
A(px) = − im
2λ2
dpx, CS1 =
m
4| m | , (16)
which are identical with the corresponding expressions[7] for h(1) in HD. The
projector Qη+ can be expressed as follows,
Qη+ =
(
Uρ(1)
)−1 ( 0 q
q∗ 0
) (
Uρ(1)
)
, q :=
−ipx +m
λ
, U := e−
ipi
4 σ
2
, (17)
where q∗ denotes the complex conjugate of q. It may be noted that the unitary
operator U and the similarity operator ρ(1) are independent of px and m. The
1The Dirac Hamiltonian H1D in Eq.(6) of Ref. [11] is reduced to H
(1) for M(x) = V (x) = 0
and P (x) = −m(x).
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winding number is calculated as, ν = i2π
∫
q−1dq = m2|m| , which is twice the
value of the Chern-Simons invariant CS1.
The operator h(1) can be identified as the real supercharge of a N = 1
supersymmetric quantum system. The ground state of the supersymmetric
Hamiltonian hs := [h
(1)]2 in the supersymmetry-preserving phase is a zero mode
of h(1). The zero mode of H can be obtained from the zero mode of h(1) by
using Eq. (3). For example, assuming that Ltx→±∞m(x) = ±m,m ∈ R+, the
zero mode of H reads,
φ0 =
1√
2
(
ρ(1)
)−1
e
−
∫
x
0
m(x)dx
(
1
−1
)
. (18)
The zero mode of H for different shapes of m(x) may be obtained in a similar
way from the corresponding well-behaved zero-energy state of h(1).
3.2 Dirac Hamiltonian in 2 + 1 dimensions
The second example is a 4-component non-hermitian Dirac equation in 2 + 1
dimensions. The relevant gamma matrices may be constructed in terms of the
elements of the Clifford algebra,
{ξp, ξq} = δpq, p, q = 1, 2, . . . , 5. (19)
The three generators of the group O(3) is expressed as,
Ja :=
i
8
ǫabc
[
ξb, ξc
]
, a, b, c = 1, 2, 3. (20)
The Hilbert space H
η
(2)
+
is endowed with the metric η
(2)
+ ,
η
(2)
+ := e
−φ nˆ· ~J , ρ(2) := e−
φ
2 nˆ·
~J , φ ∈ R, nˆ · nˆ = 1. (21)
The Hamiltonian H(2),
H(2) = ξ4px + ξ
5py +m
3∑
b=1
R3bξb,
Rab ≡ nanb(1− coshφ) + δabcoshφ+ iǫabcncsinhφ, (22)
is non-hermitian in HD and hermitian in Hη(2)
+
. The non-hermiticity arises in
H(2) arises due to the fact that the complex conjugate of Rab is not equal to
itself.
The non-unitary similarity operator ρ(2) maps H(2) to a hermitian Hamilto-
nian h(2) in HD,
h(2) := ρ(2)H(2)(ρ(2))−1
= ξ4px + ξ
5py +mξ
3. (23)
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The elements of the Clifford algebra are realized in terms of the following ma-
trices,
ξ1 := τ
2⊗ I, ξ2 := τ3⊗ I, ξ3 := τ1⊗σ3, ξ4 := τ1⊗σ1, ξ5 := τ1⊗σ2, (24)
where τa, σa with a = 1, 2, 3 are two sets of Pauli matrices corresponding to two
different sub-lattices and I is a 2 × 2 identity matrix. The Hamiltonian h(2) is
known to admit topological insulator phase[7]. In fact, h(2) describes two copies
of the two dimensional two-component Dirac Hamiltonian having topological
insulator phase. Following the general discussions in section 2, the conclusion is
that H(2) admits topological insulator phase with the identical bulk eigenvalues
and topological invariant as that of Hamiltonian h(2). The bulk eigen states
as well as the zero mode state of H(2) can be obtained from the corresponding
states of h(2) by using the relation ( 3) and identifying ρ := ρ(2).
3.3 Dirac Hamiltonian in 3 + 1 dimensions
A Hamiltonian in 3 + 1 dimensions may be introduced as follows,
H(3) = ~α · ~p+m eγ5φβ, φ ∈ R
αa := τ1 ⊗ σa, β := τ3 ⊗ I, γ5 := τ1 ⊗ I, a = 1, 2, 3, (25)
where the Dirac-representation of the γ matrices has been used and τa, σa cor-
respond to two independent sets of Pauli matrices. The Hamiltonian is non-
hermitian in the Hilbert space HD for φ 6= 0. The generator of the time-reversal
transformation is defined as, T := (I ⊗ iσ2)K, where K is the complex con-
jugation operator. The Hamiltonian H(3) is invariant under the time-reversal
transformation. The last term spoils the invariance of the Hamiltonian under
the parity transformation with the standard form of the generator P := β. How-
ever, a non-standard generator of the parity transformation may be introduced
as P˜ := eφγ5β, which keeps H(3) invariant.
The Hamiltonian H(3) becomes hermitian in HD in the limit φ → 0 and is
hermitian for any arbitrary φ in the Hilbert space Hη+ that is endowed with a
positive-definite metric η
(3)
+ ,
η
(3)
+ := e
−φ γ5 , ρ(3) := e−
φ
2 γ5 . (26)
In fact, the non-unitary similarity operator ρ(3) can be used to map H(3) to a
hermitian Hamiltonian h(3),
h(3) = ρ(3) H(3) (ρ(3))−1
= ~α · ~p+m β, (27)
that is hermitian in HD. Thus, H(3) and h(3) are isospectral. It is known that
the Hamiltonian h(3) admits topological insulator phase[7]. Thus, the Hamilto-
nian H(3) also admits topological insulator phase with the identical bulk eigen-
values and topological invariant as that of Hamiltonian h(3). Other relevant
quantities of H(3) may be obtained from h(3) by using Eq. (3) with the replace-
ment of ρ by ρ(3).
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4 Summary & Discussions
Examples of non-hermitian Dirac Hamiltonians admitting topological insulator
phase have been presented in one, two and three spatial dimensions. All these
Hamiltonians are hermitian in a Hilbert space that is endowed with a positive-
definite metric and a modified inner-product. The entire bulk eigenvalues of a
given non-hermitian Hamiltonian are thus real. It has been also shown that any
non-hermitian Hamiltonian belonging to this class can be mapped to a hermitian
Hamiltonian through a non-unitary similarity transformation, implying that
these two quantum systems are isospectral to each other. Further, the time-
evolution of the bulk states as well as the zero modes of the non-hermitian
Hamiltonians are unitary in the Hilbert space Hη+ . It appears that topological
insulator phase in non-hermitian Dirac Hamiltonians admitting entirely real
spectra and unitary time-evolution have been discussed in this note for the first
time in the literature.
The topological insulator phases in hermitian quantum systems have been
classified previously[6, 7] according to certain discrete symmetries of Dirac
Hamiltonians. Perturbations preserving the symmetries of the original Hamilto-
nian can not destabilize the topological insulator phase as long as the gap is not
closed. A direct application of this classification scheme to the non-hermitian
Hamiltonians presented in this note may give conflicting results, since the non-
hermitian terms may or may not preserve the symmetry of the hermitian part of
the same Hamiltonian. However, the same classification scheme can be used for a
non-hermitian Hamiltonian provided the identification of the topological class is
based on the analysis of the hermitian Hamiltonian to which it is related through
a non-unitary similarity transformation. It may be worth emphasizing here that
the topological index characterizing a particular type of insulator, as presented
in this note, is identical for the non-hermitian and the corresponding hermitian
Hamiltonians. The non-hermitian Hamiltonian and its hermitian counterpart
thus belong to the same topological class by construction. It may be emphasized
here that the unitary equivalence between different hermitian Hamiltonians h, h˜
in HD, those are obtained from the same non-hermitian Hamiltonian H , allows
a unique characterization of the topological class of H admitting topological
insulator phases.
The approach taken in this note in classifying topological insulator phases in
non-hermitian quantum systems may equally be extended to any generic non-
hermitian Hamiltonian that can be mapped to a hermitian Hamiltonian. In gen-
eral, finding the non-unitary similarity operator that maps the non-hermitian
Hamiltonian to a hermitian one, is a highly non-trivial task. However, the
continuum description of topological insulators are in terms of Dirac Hamilto-
nians which involve gamma matrices. The method described in Ref. [12] for
a pseudo-hermitian realization of the gamma matrices of arbitrary dimensions
may be useful for finding the hermitian Hamiltonian corresponding to a given
non-hermitian Hamiltonian. It is desirable that the method presented in this
note and in previous works[11, 12, 13] is utilized fully to construct at least one
physically realizable non-hermitian Dirac Hamiltonian admitting topological in-
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sulator phase.
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